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Surface Impedance Modeling Using the
Finite-Difference Time-Domain Method

David V. Thiel, Senior Member, IEEEand Raj Mittra,Life Fellow, IEEE

Abstract—The finite-difference time-domain (FDTD) technique plane of incidence. In this paper, only one dimensional mea-
has been used to model the one-dimensional (1-D) surfacesyrements will be considered.
impedance of a lossy earth plane having discontinuities in two At low frequencies, in most environments, conduction cur-

and three dimensions. Using a horizontal magnetic field aperture . . )
source located five cells from an absorbing boundary and 35 rents in the earth dominate the displacement currents. The

cells above the lossy earth plane, the surface impedance wasOn€ dimensional surface impedanég, is independent of the
accurately modeled at a distance of\,/5000 from the source vertical angle of incidence and is given by

using both grazing and normal incidence. The technique was E
validated by comparison with a number of two-dimensional Z, =" Q)
(2-D) analytical models. The surface impedance profile in the H,

vicinity of a vertical conductive water filled shaft that extends where £, is the horizontal electric field component measured
from the earth’s surface to a conductive basement is presented. in the plane of incidence andi, is the horizontal mag-

Unlike modeling in the frequency domain, a single FDTD netic field component measured perpendicular to the plane of
solution yields accurate multi frequency surface impedance data incidence

providing a number of standard cell size constraints are met. .
For common earth electrical constants, the FDTD approach is  If the lossy ear’_[h overlies a perf_ect conductor at a _déll_?’th
limited to frequencies above 500 Hz. then the surface impedandgs, is given by the transmission

Index Terms— Electromagnetic geophysics, FDTD, surface line equation with a short circuit termination [8]:
impedance, 3-D modeling, VLF EM. Zsy = Zs tanh (vh) 2

where~ is the complex propagation constant for the medium,
|. INTRODUCTION ie.,

RFACE impedance measurements are used to map the
onductivity structure of the upper parts of the earth’s sub-

surface. Since the 1950’s, when the early work related t0 0T} is the conductivityw is the angular frequency of the
the magnetotelluric method [1]-{3], this broad classificatiopgiation ¢ is the dielectric permittivity, ang is the magnetic
has been used across the frequency range from 20 kHZpE?meability of the earth angl = v/—1.

. : - ,
10~ Hz. Both naturally occurring radiation sources, which Gjyen the complexities of the earth’s subsurface including
includes the magnetoteliuric method (MT), the audiomagngpyizontal layering, vertical faults, and dislocations and
totelluric method (AMT), and atmospherics based techniqugsiged  structures, the forward modeling problem using
[4], and artificial sources which include controlled source AYnalytical methods is limited to a few idealized cases [9].
diomagnetotellurics (CSAMT) [5], very low frequency (VLF)wjith the advent of numerical modeling techniques applied
[6], and other radio sources (RMT) [7] are now used. Thg the field of geophysics, a number of different techniques
basic premise underlying the technique is that the position @fye heen used to model a three-dimensional (3-D) earth
measurement lies in the far field of the radiation source $@ne In particular, the finite element method [10], [11], and
that all forward modeling and inversion techniques assUMifegral equation methods [12]-[14] have been successfully
plane wave interactions. In the case of MT, the plane wavedgpioyed. The great utility of the finite difference time
assumed to be incident from the vertical and with the othghmain (FDTD) method [15] in solving a wide variety of
techniques, the radiation i; incident at grazing incidence (e-ErobIems in the fields of radar [16], antenna modeling [17],
AMT, CSAMT, atmospherics, VLF, and RMT). These lattebng more recently in electromagnetic geophysics with near
techniques all operate at frequencies higher than 500 Hz gpdg sources [18], has prompted this investigation into FDTD
all use multifrequency measurements and a one dimensiopRyqeling of the surface impedance method. The primary
(scalar) measurement method. Thus, the surface impedapGgose of this paper is to assess the utility of the FDTD
measurement is made with the electric field parallel to thgathod in surface impedance forward modeling.
Three-dimensional modeling of surface impedance in the
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uniform current sheet at the earth’s surface with a number of
air layers above to ensure secondary fields are accommodated
in the solution. Wang and Hohmann [21] employed a FDTD
approach to solve for the 3-D earth response due to a finite
source field; i.e., a vertical magnetic dipole and also a current
loop lying on the earth’s surface. The emphasis in our work = 10°
is to employ plane wave excitation rather than a near field E
source, at much higher frequencies.

The most important difficulty encountered by numerical
methods in modeling surface impedance is the application of 100 b
the source in the far field and the imposition of absorbing :
boundary conditions (ABC's) at the terminations of the solu- 1 B ol d ol ol . .
tion space, both above the earth’s surface and also beneath it. 107 10°  0.001 0.1 10 1000
In addition, most surface impedance measurements are made Conductivity (S/m)
across a broad range of frequencies. Solutions in the frequeR@y 1. Limiting conditions for the FDTD method in lossy media. The
domain must be run at each frequency separately. In |:D-|'1D':}>fimum frequency has been calculated from the skin depth, and the

. minimum frequency was derived from Courant condition with = 10*
these problems can be solved in a manner that does not reqiit sieps andve = Ay = A= = 1 m. Valid FDTD solutions are found
the solution of a matrix set that is so large as to precludetween the maximum and minimum frequencies.
solution in a realistic time. These limitations are explored in
addition to the presentation of some results for two and thre
dimensional earth models.
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®The solution of any problem using the FDTD method is
only accurate and stable if the time st&p is constrained by
the Courant condition, i.e.,

II. FDTD MODELING CONSTRAINTS i ;
At < { Min (pi,.) Min (e,.)

1/2
s St S RO
M I i directly by di iZi h luti A By (897
axwell's equations directly by discretizing the solution . . . .
volume or area by a regular mesh. The electric field }gherec is the speed of light in a vacuum, and Mim.) and

calculated from surrounding magnetic field values and AN (e,) are the minimum values of the relative permeability

magnetic field is solved from the adjacent electric field value F‘d the relative permittivity, respectively. Sampling in the

This calculation is performed for every node in the solutiofiedUency domain is determined from the Fourier transform
space at time = 0, and then fort = Af, ¢ = 2A¢, etc. The of the time transient at any point in the solution space. Thus,
source field is usually in the form of a pulse of finite widte Smallest frequency resolutiaf is given by

in time activated along a line in two-dimensional (2-D) and Af = 1 @)

a plane in 3-D modeling. In allowing this pulse to propagate -

The FDTD method is a numerical method of solving

NAt
throughout the solution space, one can convert the transigifere v is the number of time steps used in solving the model.
field at any point to the field as a function of frequency using \yhen dealing with a lossy material, accurate solutions are
a discrete Fourier transform. Thus, the solution of the prObIec%tained only when the cell size is less than 10% of the skin
in time allows one to extract frequency information over Bepth of the mediund wheres = 1/v/jrpof and f is the
relatively broad range. This technique is used through offbqyency of the radiation. Only then can the computational
this paper. ) ) i i . model accommodate the rapid changes in phase and amplitude
The solution space will havg boundar!es at |ts' extre.mltleéf the fields as they propagate. Note that the wavelength in a
and these boundaries must interact with the fields in Prgyy material i9rs. The sensitivity of the surface impedance
dictable ways. A perfect electric conducting boundary (PEGethoq is limited to a depth of approximately one skin depth,
will force the electric field to be perpendicular to the boundary, 4 s the minimum number of cells beneath the surface of the
and a perfect magnetic conducting boundary (PMC) will forcg, i, 1o model an infinitely deep uniform earth is 10. For multi
the magnetic field to be perpendicular to the boundary. to.q,ency investigations, this calculation must be performed
minimize reflection at the boundary, we must use an absorbiggihe highest frequency of interest. Consequently, to obtain a
boundary condition (ABC). There is significant discussion 'Frequency profile covering two orders of magnitude, the earth
the literature about how this can best be achieved. In this Wo[hane must be modeled as 100 cells deep. This effect, however
a second order Mur ABC [22] was employed and was found,, he minimized if one is interested in modeling structures
to be satisfactory. that are shallow, providing an effective absorbing boundary

As with all numerical modeling techniques, the accuraGysngition can be applied or a highly conductive basement is
of the solution is constrained by the division of the solutiofjgaq

space into cells; in this solution the cells are a uniform arrayTh;a limiting conditions given by (3) and (4) can be com-

of rectangular bricks. Any structure to be modeled must hgheq a5 the inequality that gives the limiting conditions fon
divided into this regular array of cellg\(z x Ay x A z), with

the three dimensions being within an order of magnitude of CAL 32 _
each other ° k — o <[ <(100mpoo Azg) (5)
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Fig. 2. Two dimensional modeling volume showing the source configuration 40 ﬁ RSN TR R TR AR A
and boundary conditions for normal incidence and grazing incidence, together
20 30 40 50 60 70 80 90 100

with the coordinate systemu¢ = 1, ny = 100, nz = 40). Z distance (m)

. _ ) (b)
assuming cubic cells ‘?md”_: 1= 5_’" These two functions Fig. 3. \Variation of surface impedance across the solution space for the
are plotted together in Fig. 1, usin@r,;, = 1 m and two different excitation sources illustrated in Fig. 2 (continuous line—normal
N = 10%. Thereis a point of intersection where the maximunncidence, circles—grazing incidence). The model is a layered earth (upper

. L . . yer: depth 20 m, conductivity 0.01 S/m, lower layer is a perfect conductor).

frequency IS equal to the minimum frequency' This F_’O'm e surface impedance was calculated udijoatz = 20 andH,. atz = 21.
dependent on botv and Az,,;,, and occurs at a particular(xy = 10000).
conductivity value. Accurate solutions will be obtained only

. o . .~ The proximity of the source to the solution space under
when this inequality is met, i.e., the model uses conductivit . . ; ;
: . onsideration can be considerably less than a wavelength if one
values less than this cross-over value. It will be demonstrated

in this paper that such conditions can be relaxed for surfaemploys an impressed plane wave field. This minimizes the
. d Pap lculati ithout | f soluti é?e of the total grid. Four different sources were investigated
impedance calcuiations Without 1oss of SOlUlion accuracy. Gy, e rr field component parallel to the vertical discontinu-

cies for which a valid solution can be obtained. From Fig. 1, | d horizontal sheets off, and E., which correspond to

is noted that if the earth conductivity is 0.001 S/m, then vali§ymal incidence. Thed field sources were found to give
solutions are only obtained in the frequency range 40 kHzz2|3rger valid solution space than that obtained using&an
MHz. Given that common earth conductivities are found in thgs|g source. Note that the use of ABC's is minimized, not
range of 10°~10 S/m, and the frequencies of interest in Mpnly pecause they are ineffective at grazing incidence, but also
lie in the range 0.001-1000 Hz, one must choose a valuepicause the computation time is significantly increased. The
AZyin = 500 m andN = 3x 10'* time steps. A conventional yse of perfect magnetic conductors (PMC’s) perpendicular to
FDTD solution in 3-D would be extremely computationallthe magnetic field source and PEC’s parallel to the magnetic
intensive. For this reason, the modeling undertaken in thigld source ensure uniform plane wave propagation conditions
paper relates to a higher frequency regime. throughout the solution space.

In this paper, all modeling was conducted at relatively high
frequencies, 18-10° Hz using a cell size of 1 m. This is
directly relevant to the VLF, and RMT surface impedance All 2-D modeling was undertaken using the FDTD code
methods. TAP Version 3.25 developed at the Electromagnetic Commu-

I1l. Two DIMENSIONAL MODELING
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TABLE | 35
COMPARISON OF 2-D MoODEL SURFACE IMPEDANCE RESULTS WITH THEORY. IN
THE FDTD MopEL, THE Lossy EARTH (ConbucTiviTY = 0.01 S/mAnD 30 E
0.001 S/m)was 20-m THICK OVERLYING A PERFECT CONDUCTOR THE [ g
MULTILAYER SOLUTION TAKES THE PEC NTO ACCOUNT, WHEREAS THE o5 | /j// e
INFINITE SOLUTION ASSUMES AN INFINITE DEPTH OF LOSSY MATERIAL - r / ]
> C
E oaf e
f=10%H z f=105H z f=106H z ° r / . ]
2 15 ~ —o— 75(20-20) |
N g / —a— 7s(20-21) | ]
1Zs! Arg(Zs) | 1zsl Ara(zs) | 1zsl Arg(Zs) 10 /’ %Sg?g)ﬂ ]
r —a— Zs(21- ]
10-28/m 5 F ——Zs theory |-
FDTD (z=60m) {1.57 84.61 10.13 50.40 28.10 44.45 0 / ! L
Theory 1.57 84.01 10.13 50.46 28.10 44.88 0 2105 410° 6 10° 8 10° 1108
(multi-layer) Frequency (Hz)
Theory 2.81 45.00 8.89 45.00 28.10 45.00 @)
(infinite) 90
10-35/m F
FDTD 1.58 89.97 15.68 83.45 99.40 47.13 80 \
(z=60m) %\ ‘\
3 L
Theory 1.58 89.40 15.68 84.00 102.87  48.69 > 70 - ]
@ L
(multi-layer) ° [ \
2 60 [
Theory 8.89 45.00 28.10 45.00 88.86 45.00 a L ]
I r ]
(infinite) o. r 1
50 T
o 3
e — ]
i =
nications Laboratory of the University of Illinois [23]. The 40 L0l L — ;
. . 5 5 5
solution space consisted of 4000 cellse(= 1, ny = 100, 0 210 ér;guencys(ﬂg) 810" 110
nz = 40). The model took approximately 15 min to run on a ©

DEC alpha computer work station.

The upper-half volume is air and the lower-half is th&ig. 4. Variation in surface impedance with frequency for a number
of combinations of height indexes. Note that the index 20-21 refers to

lossy earth with a conductivity of 0.01 S/m. Fig. 2 illustrateg, (50)/zr,(21), and 205 indicates that the impedance was calculated using
the solution space and the configuration of the source fial# 7, component averaged between two adjacent positio¥is=(10 000,
H,. An H, source was activated in the time domain using = 70). The earth structure is described in Fig. 3.
a Blackman—Harris time window (10% cut off aD’ Hz)
[23], and was located at coordinates £ 0-1, y = 0-100,  Modeling was repeated for the grazing incidence case using
z = 35-35). This configuration provided the best near sourcg smaller number of air cells above the surface while leaving
performance as judged by the surface impedance. Fig. 3t{e remaining parts of the model unchanged. Reducing the
lustrates the variation in the amplitude and phase of thgmber of air cells to five, which is equivalent to a spacing of
surface impedance, across the solution space for the twa m, gives a total solution space of 2025 x 100 cells. This
different source configurations. At grazing incidence, and witiodel resulted in a slight increase in the distance from the
the source ay = 5 cells, the region of uniform propagationsource where the surface impedance stabilized at the correct
extends fromy = 50 to 90 cells. This equates to an accurat¢heoretical value.
result at a distance of,/5000 from the source, whergy is Fig. 4 shows the variation irZ, with grid position both
the free space wavelength at the longest wavelength used.aBbve and below the surface of the lossy materia=(0.01
normal incidence the entire earth plane gives accurate surf@g). In the Yee gridding [15] theéf-field grid is displaced
impedance values. by one half cell from theE-field grid. Z,(20—-21) refers to the
The surface impedance from a horizontally layered earth canpedance calculated using, at z = 20 and H,, at z = 21.
be calculated analytically using a transmission line analog,(20.5) was calculated using, at z = 20, and averaging
[8]. The analytical solution for the surface impedance of thisie magnetic field values at= 20 andz = 21. It is clear that
two layer model of a lossy earth over a perfect conductor wése most accurate results are obtained usingitheomponent
calculated using (2), and is given in Table | together witht » = 20 and theH, component at: = 21. This is results
the FDTD results. Agreement is very good even though tlem the off-set numbering of the cells where there is only an
frequency inequality (5) was violated slightly. Note that for & field boundary at the first solution plane identifiednas: 0.
conductivity of 0.01 S/m at 1 MHz, the multilayered result i$-ollowing Yee's techniqgue [15], the electric field plane is used
identical to the infinite depth result because the skin depthtsderive the adjacent plane & 1) H cell values located one
sufficiently small in comparison with the 20 m depth of losshalf a cell size above. Note thatis the index used to label
ground. the planes. Thus, at the surface of the earth, the electric field is
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Fig. 5. Broad frequency characteristics of the FDTD surface impedance Distance (m)
(continuous line) V' = 10000, = = 70, ¢ = 0.01 S/m) plotted together ()

with the theoretical results (dotted line).
Fig. 6. Variation of surface impedance across an abrupt change in earth

n = 20, whereas the deriveff field is located at = 21. All ~ conductivity ¢ = 0.01-0.001 S/m ay = 50). (N = 10000). The theoretical
result from Rankin [25] is plotted as a continuous line.

FDTD surface impedance values were calculated using these
two values; i.e. E, at the interface and{, displaced by one those obtained from an analytically derived series expansion
half cell above it. [25]. While the two results are quite similar, it was found
Fig. 5 shows the accuracy of the model over a brodbat the series expansion approach and the transmission line
frequency range. Clearly, there are limitations on the modeletpression yield slightly different results. The FDTD results at
both high frequencies, attributed to the fact that the cell size thie earth’s surface away from the discontinuity were found to
the ground is too large, and at low frequencies due to the clagree exactly with the transmission line calculation method for
proximity of the source to the measurement location. Whemiform horizontally layered earth planes shown in Table | [8].
this data is compared to that given in Fig. 1, it is clear that tf@ne must conclude that the series formulation from Rankin for
inequality (5) can be taken as a guide rather than an absolUeF frequencies has some inaccuracy at higher frequencies.
restriction. In Fig. 5, the magnitude of the surface impedance
is accurate across a much broader frequency range when
compared to the surface impedance phase angle. This waghe 3-D model investigated was a small, vertically oriented
observed to be the case for most other situations throughéanductive discontinuity in a uniform earth plane. The dis-
this study. For this model, results are accurate at frequencig@itinuity extended down to the conductive basement. This
greater than approximately 1 kHz. represents an artificial geophysical target such as a water filled
The analytical solution for the surface impedance chang@ne shaft or a steel cased drill hole which are common at old
across an abrupt change in earth conductivity was develoggihe workings. This was analyzed using the FDTD code TAP
by d’Erceville and Kunetz [24] and for a dike by Ranki[23]. The solution space consisted of 40100 x 40 cells
[25]. Using the same source configuration given in Fig. &ith the following boundary conditions applied:

IV. THREE DIMENSIONAL MODEL

the conductivity of the ground was abruptly changed from z = 0 andz = 40 perfect magnetic boundary;
g = 001 S/Im aty = 0-50 m to ¢ = 0.001 S/m at y=0, =0, andy = 100 perfect electric boundary;
y = 51-100 m. The results for the FDTD model of the surface » =40 absorbing boundary condi-

impedance across this change is given in Fig. 6, together with tions (second order Mur).
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Fig. 7. Schematic diagram of the 3-D solution space for a vertical conductive 12

shaft @z = 40, ny = 100 nz = 40). 10

8
The upper-half volume is air and the lower hallf is the lossy£

earth plane £ = 0.01 S/m). TheH, source was located at
coordinates £ = 040, ¥ = 0-100, z = 35). The model took 4
approximately four hours to run on a DEC alpha work station. 2

The variations of the surface impedance were calculated
across the surface of a lossy earth half space (conductivity 2
0.01 S/m) containing a vertical conductive water filled shaft
located atr = 2021 m andy = 50-51 m. The shaft reaches 20 50
the conductive bedrock (e.g., an aquifer) at a depth of 20 m
and has dimensions of ¥ 1 m in cross section (i.e., one
cell). The model is illustrated in Fig. 7, and is similar to other ()
models used in RMT investigations [7]. It is important to
note that while such a 3-D structure will require a surface 35
impedance tensor for a full description of the interaction, the 30
surface impedance technique used in this frequency rangezs
employ scalar surface impedance measurements only. Thegeo
scalar measurements are made with the electric field sensér15
lying in the plane of incidence of the radiation. Thus, a set* |
of scalar surface impedance measurements across the surfaceg
of the earth in the vicinity of the shaft measured in the 0
direction is given in Fig. 8. It is clear that there is a significant 25~
anomaly in the vicinity of the shaft that is confined to within
approximately 3 m of the surface opening. Note that in the 20 50
FDTD model both the electric and magnetic fields are zero at
the surface of the top of the shaft. The surface impedance at
this point has been interpreted as being equal to zero. (c)

It is significant that the surface impedance values af®. 8. (a) Variation in surface impedance magnitude in the vicinity of a
accurate to within 2% of the theoretical value less than \@rtical conductive shaft located at= 20-21 andy = 50-51 at 10* Hz
m from the anomaly. Thus problems associated with tg - 0001 =011 Sim (&) varaton n suface impedance magnice
proximity of the model boundaries are not significant. y = 50-51 at 105 Hz (V = 6000, oy = 0.01 S/m). (c) Variation in surface

impedance magnitude in the vicinity of a vertical conductive shaft located at
x = 20-21 andy = 50-51 at 10 Hz (N = 6000, o; = 0.01 S/m).

6

1Zsl o
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V. DiscuUssIONS AND CONCLUSIONS

The FDTD technique has been successfully employed 18,—-10; Hz. The surface impedance in this model was found
modeling the electromagnetic surface impedance of lossy eadhbe accurate at distances greater tha500 from the
structures at frequencies above 500 Hz. A 2-D algorithm wiource field aperture when grazing incidence is used. How-
grid dimensions of\, /30000 x A\o/750 x Ao/300 accurately ever, normal incidence allows even closer source separation
modeled the surface impedance of a two layered earth (logigtances allowing for a smaller grid. In addition, the size of
earth above a perfect conductor) across the frequency ratigee model was minimized by careful choice of the cell size of
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the lossy medium for the frequency range of interest and &®] R. Luebbers, D. Steich, and K. Kunz, “FDTD calculation of scattering

asymmetric location of the source aperture so it is close to an from frequency-dependent material$£EE Trans. Antennas Propagat.,
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