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Abstract.
This paper presents an analytical model for surface acoustic waves (SAW) in

actuating a single liquid droplet on a piezoelectric substrate. Both scattering waves
outside the droplet and attenuation waves beneath the droplet are obtained, and
the energy transfer from SAW to droplet in the process of actuation is calculated.
The results from this analytical model can provide qualitative explanations to some
experimental observations, such as the weak actuation behind the droplet and flow
patterns inside the droplet. It is found that effective actuation wavelength is around
1/5 of the droplet radius, at which the droplet absorbs the maximum incident SAW
energy.
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1. Introduction

Micro-scale tools has a growing importance for life science research in the last decade.

Droplet-based microfluidics has been emerged as an alternative to continuous-flow

microfluidics for bio-chemical analysis. A microdroplet is a good option for the carrier

of reagents in micro-scale. A microdroplet also provides a platform for chemical

reactions. The emerging field of droplet-based microfluidics leads to the need of

effective actuation and manipulations of individual droplets in micro-scale [1]. Active

control of microdroplets can be achieved by using effects such as electrowetting and

thermocapillarity. Electrowetting utilizes electrostatic forces at the solid/liquid/liquid

or solid/gas/liquid interfaces to manipulate the interfacial energy and subsequently

the motion of droplets [2]. In the thermocapillary actuation, gradients of surface

tension induced by temperature gradients can move droplets on a flat surface [3].

Our group has reported an one-dimensional (1D) analytical model for the transient

behaviour of a liquid plug in a capillary which is heated at one end [4]. However,

these methods still have some drawbacks. For instance, high voltage and dielectric

liquid are required for electrowetting actuation, while high temperature may be needed

for thermocapillary actuation. The high temperature may cause damages to biological

samples. These problems could be avoided by using surface acoustic wave(SAW)to

actuate and manipulate the droplets on a planar surface.

Apart from applications in electronic communication devices for signal processing,

SAW power propagating on a piezoelectric substrate can also actuate droplets on

the surface. The SAW has a longitudinal wave component, whose displacement is

parallel to the propagation vector, and a transverse wave component, with displacement

perpendicular to the propagation vector. When fluid is introduced onto the surface,

the longitudinal component of the surface acoustic wave is coupled to the fluid by the

viscosity. The transverse component is attenuated by acoustic impedance mechanism.

This propagation mode is called a leaky Rayleigh wave [5]. Since the SAW speed cs in

a solid substrate is larger than the sound speed in a liquid cl, diffraction longitude wave

always radiates into the liquid with an angle of Φ = arcsin(cl/cs). The SAW induced

acoustic streaming has been used to pump liquid in microchannels by Nguyen et al. [6, 7].

In their work, the effects of the channel height, wave amplitude and back pressure on

the velocity profile and flow rate were investigated. The SAW has also been used to

propel liquid droplets on a planar surface. Wixforth conducted several experiments on

this phenomena [8, 9]. In his experiments, a 128◦ rotated Y-cut X-propagating LiNbO3

two-inch wafer was used as the substrate. Both water and glycerol were used as droplet

liquid. It was demonstrated that a relatively large droplet velocity could be achieved by

using SAW actuation with a relatively low power input. Furthermore, liquid droplets

with different viscosities could be actuated to travel with different velocities. Besides

the actuation, efficient mixing can be achieved by using SAW [10].

A careful review of the literature available on SAW actuation of liquid droplets reveals

that most of the results reported were based on experimental observations and, to
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the best knowledge of the authors, analytical models related to SAW scattering and

attenuation in droplet actuation are yet to be reported. In this paper, we present an

analytical model for acoustic velocity potential fields associated with SAW inside and

outside of the droplet when it is actuated by an incident SAW. The paper attempts to

understand and to explain those effects observed in the experiments by examining the

SAW fields and energy losses during the process of actuation.

2. Analytical modeling

2.1. Attenuation of SAW at a liquid-solid interface

Figure 1 shows the schematics concept of the actuation where an incident SAW is

propagating to a droplet. Part of the incident SAW are scattered by the air-liquid-

solid contact line, while the rest are penetrated into the area covered by the droplet.

The penetrated SAW decays under the droplet because of the viscous loading. The

attenuation is induced to both longitude and transverse wave components. The damping

coefficients for the longitude wave αl and the transverse wave αt are respectively [11]:

αt =
ρfcf

ρsvs

1

λ
(1/mm), (1)

αl =

√
ρfηfω3

4
√

2π2ρsc2
s

(1/mm). (2)

Where, ρs, λ, vs, ρf , cf , ω = 2πf and ηf are the density of substrate, the SAW wavelength,

the SAW velocity, the density of liquid, the sound velocity in the liquid, the angular

velocity and the dynamic viscosity of the liquid, respectively. Based on a water droplet,

both transverse and longitude damping factors can be estimated as αt = 0.806 1/mm,

αl = 9.60 × 10−4 1/mm for actuation at a frequency of f = 40 MHz. Since αl ¿ αt,

the attenuation of the longitudinal waves penetrated into the liquid droplet are much

smaller than the transverse components, the SAW diffracted into the droplet are there-

fore dominated by transverse waves. In other words, the actuation power is mainly

contributed by the transverse waves, and longitudinal wave has little contribution to

the actuation. So that in the following model, only the transverse waves are considered,

while the longitudinal waves are neglected [11].

2.2. Scattering and internal waves

As shown in Figure 1, we consider a two-dimensional wave scattering problem. The

velocity potentials associated with the incident wave, the scattering wave and the

penetrated wave are denoted by ψincident, ψscattering and ψinternal respectively. The droplet

is of a radius a and the wavelength of the incident SAW is λ. For the convenience of the
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calculation, time factor e−iωt will be dropped hereafter and all three waves are expressed

in a cylindrical coordinate system as

ψincident = ψ0e
ik·x = ψ0e

ikr cos θ = ψ0

∞∑

m=−∞
imJm(kor)e

imθ, (3)

ψscattering =
∞∑

m=−∞
AmimHm(kor)e

imθ, (4)

ψinternal =
∞∑

m=−∞
BmimJm(kir)e

imθ. (5)

Here, Jm(kor) is the first kind of Bessel function of order m, ψ0 is the amplitude of

the incident wave velocity potential. ko = 2π
λ

and ki = 2π
λ

+ iαt are the wave numbers

outside and inside the area covered by the droplet respectively. Hm(kor) is the first kind

of Hankle function of order m. Am and Bm are two unknown coefficients which will be

determined based on the continuity conditions of velocity and pressure at the edge of

the droplet base. The total acoustic wave field outside the droplet is denoted as ψexternal,

which is the sum of ψincident and ψscattering, i.e.,

ψexternal = ψ0

∞∑

m=−∞
imJm(kor)e

imθ +
∞∑

m=−∞
AmimHm(kor)e

imθ. (6)

By calculating the radial velocity ur|r=a = −∂ψ

∂r
|r=a and pressure p = −iρωψ|r=a,

the continuity conditions are written as:

∂

∂r

[
ψ0

∞∑

m=−∞
imJm(kor)e

imθ +
∞∑

m=−∞
AmimHm(kor)e

imθ

]

r=a

=

∂

∂r

[ ∞∑

m=−∞
BmimJm(kir)e

imθ

]

r=a

(7)

and [
ψ0

∞∑

m=−∞
imJm(kor)e

imθ +
∞∑

m=−∞
AmimHm(kor)e

imθ

]

r=a

=

[ ∞∑

m=−∞
BmimJm(kir)e

imθ

]

r=a

(8)

The two continuity conditions lead to the following two simultaneous equations to solve

Am and Bm.




−koAmH
′
m(koa) + kiBmJ

′
m(kia) = ψ0koJ

′
m(koa)

AmHm(koa)−BmJm(kia) = −ψ0Jm(koa)

(9)
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The final results are:



ψexternal = ψ0

∞∑

m=−∞
imJm(kor)e

imθ +
∞∑

m=−∞
AmimHm(kor)e

imθ

ψinternal =
∞∑

m=−∞
BmimJm(kir)e

imθ

(10)

where ψexternal = ψincident + ψscattering, and




Am =
ψ0

[
koJm(kia)J

′
m(koa)− kiJ

′
m(kia)Jm(koa)

]

kiJ
′
m(kia)Hm(koa)− koJm(kia)H ′

m(koa)

Bm =
ψ0ko

[
Hm(koa)J

′
m(koa)−H

′
m(koa)Jm(koa)

]

kiHm(koa)J ′
m(kia)− koH

′
m(koa)Jm(kia)

(11)

2.3. Liquid static pressure field at solid-liquid interface

A previous experimental study demonstrated that the SAW not only sets the droplet in

motion but also induces a flow field inside the droplet [10]. The understanding of the

SAW-induced flow patterns within the droplet requires further study on the interaction

between SAW and liquid, probably involving in acoustic streaming or other nonlinear

mechanism. In the present study, we attempt to look into the possible effect of SAW

on the droplet liquid by examining the static pressure induced by the internal SAW at

the solid-liquid interface, where the SAW generates the same pressure and velocity in

the liquid. The static pressure can be written as [13],

Ps =
〈p2〉
2ρfc2

f

− 1

2
ρf

〈
v2

〉
, (12)

where 〈〉 denotes time average over one period of acoustic oscillation, p is the sound

pressure and v is the medium particle velocity. ρf and cf are average medium density

and sound speed in liquid, respectively. The static pressure can be approximated by

dropping the medium velocity term which is normally very small in SAW, so that

Ps ≈ 〈p〉2
2ρfc2

f

∝ 〈ψinternal〉2 . (13)

2.4. Results and discussion

The results from the above model are plotted and discussed in this section. Figure 2

shows the simulation of the total surface acoustic velocity potential field for a typical case

a/λ=5. The external waves are shown in Figure 2(a) and the detailed internal acoustic

field is plotted in Figure 2(b). It is seen from the total field that an acoustic shadow

region is formed right after the droplet along the direction of incident wave propagation.

The SAW strength in the shadow region is observed by plotting |ψexternal|2
/
|ψincident|2

along θ = 0, which is shown in Figure 3. It is seen that, for a/λ ≥ 5, SAW behind the
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droplet becomes much weaker than the incident wave, due to the scattering and absorp-

tion by the droplet. This may explain the experimental observation that the actuation

would not be effective to the second droplet behind the first one [8], illustrating in Figure

4(a). The liquid streaming patterns observed by Wixforth are also sketched in Figure

4(b) to compare our results from the internal SAW. The static pressures beneath the

droplet are calculated using (13) and plotted in Figure 5 for three different wavelengths.

It shows that, for a/λ ≥ 5, a relatively high pressure zone is formed along the centre

line of droplet in the propagation direction and the pressure decays from the left side

after SAW enters the droplet. The pressure gradient along the centre line may induce

the liquid flow observed from the top view illustrated in Figure 4(b). For a/λ = 5, Fig-

ure 5 depicts two high-pressure spots symmetrically around the centre line. The high

pressure spots may drive the liquid to circulate from the bottom to top, as illustrated

in the front view of Figure 4(b). It is seen from Figure 5 that the static pressures are

either uniform across the droplet at a longer wavelength (a/λ = 2), or decay too fast at

a shorter wavelength (a/λ = 10). The penetrated SAW may not generate flow patterns

in the droplet in these cases.

3. Energy absorbed by droplet

The interaction between the incident SAW and droplet can be better understood by

examining the energy absorbed by droplet in the process of actuation. This is calculated

by integrating the power flow across the droplet boundary, which can be written as [15],

Pabsorbed = −a

2
Re





2π∫

0

[p · (u)∗]r=a dθ



 . (14)

The superscript ∗ denotes the complex conjugate and the minus sign indicates the power

flowing into the droplet. The integration boundary is a circle with a radius r = a. The

radial velocity and the pressure are computed from the internal SAW ψinternal obtained

in the previous section. So that

Pabsorbed = −a

2
Re





2π∫

0

[p · (u)∗]r=a dθ





= −a

2
Re





2π∫

0

[
iρωk∗i

∞∑

m=−∞

∞∑

n=−∞
BmB∗

ni
m−nJm(kia)

[
J
′
n(kia)

]∗
ei(m−n)θ

]
dθ





= −aρω

2
Re





2π∫

0

[
ik∗i

∞∑

m=−∞
BmB∗

mJm(kia)
[
J
′
m(kia)

]∗
]
dθ





= −πaρωRe

{
ik∗i

∞∑
m=−∞

BmB∗
mJm(kia)

[
J
′
m(kia)

]∗
}

.

(15)
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The incident power hitting on the droplet with diameter 2a is obtained from ψincident as

Pincident = 2a
ρ

2

(
v2 +

1

ρ2c2
p2

)

= aρc

(
k2

oψ
2
0 +

ω2

c2
ψ2

0

)
= 2aρck2

oψ
2
0.

(16)

The fractional ratio of the droplet absorbed power Pabsorbed to the incident power Pincident

is denoted as γ, and is obtained as

γ =
Pabsorbed

Pincident

= −
πaρωRe

{
ik∗i

∞∑
m=−∞

BmB∗
mJm(kia)

[
J
′
m(kia)

]∗
}

ψ2
0aρck2

o

= −
πRe

{
ik∗i

∞∑
m=−∞

BmB∗
mJm(kia)

[
J
′
m(kia)

]∗
}

ψ2
0ko

.

(17)

The power absorbed by the droplet is viewed by plotting γ versus a/λ with different

values of attenuation factor αt and the results are shown in Figure 6. It is seen that

the power absorptions increase with a/λ and reach to maximum values around a/λ = 5.

The power absorptions decrease afterwards when the wavelength becomes shorter and

most of the incident waves are scattered away. The results presented in Figure 6 also

show that the maximum power absorptions can be from 70% to 90% for the attenuation

factor taking values αt = 0.8 1/mm (for a water droplet) or greater. These results are

qualitatively comparable to the reported experimental data [9], in which 10% of the

incident energy hitting on the droplet was found scattered away by a water droplet

under SAW actuation at a/λ = 5.

4. Conclusions

An analytical study has been presented in this paper to simulate acoustic surface waves

(SAW) in the process of actuating a liquid droplet on a piezoelectric substrate. Both

scattering waves outside the droplet and attenuation waves beneath the droplet are

calculated. The results are compared to the experimental observations. Qualitative

agreements are obtained in terms of the acoustic shadow behind the droplet and possible

connection between the flow patterns and static pressures generated beneath the droplet.

The study on the energy absorbed by the droplet shows that the maximum energy

absorption occurs at the droplet radius-to-wavelength ratio of a/λ = 5. This agrees

with the experimental results, and also indicates that the droplet actuation by SAW

may in general be effective at a/λ = 5. Around this wavelength the absorbed energy

will be strong enough to actuate the droplet and induce an internal flow. The results

generated in this study may be useful in further investigations on droplet actuation by

SAW.
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Figure 1. Schematic illustration of a droplet actuated by surface acoustic waves: (a)
top view and (b) side view.

(a)

Droplet Acoustic shaddow

(b)

Figure 2. Simulation results of the wave field: (a) Total acoustic velocity potential
field; (b) Acoustic velocity potential beneath the droplet (a/λ = 5 and attenuation
factor αt = 0.806 1/mm).
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Figure 3. Variation of SAW strength with r/a behind the droplet.

Figure 4. Sketch of the experimental results obtained by Wixforth [8, 9]. Droplet
radius a = 0.5 mm and SAW wavelength λ = 0.1 mm. (a) The second droplet lies
in the acoustic shadow of the first droplet. (b) SAW induced internal streaming flow
patterns in both top view and front view.
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1

Figure 5. Plots of 〈ψinternal〉2
/

ψ2
0 showing static pressures beneath the droplet for

three different actuation wavelengths.

Figure 6. Ratio of the absorbed power to the incident power versus a/λ.


