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ABSTRACT:
The effects of wave-current interaction on the hydrodynamics in coastal regions are investigated. A
modified Grant-Madsen analytical model is incorporated into the Princeton Ocean Model (POM) to
describe the wave-current interaction. The model is applied to the Singapore Straits for the prediction
of tide and wind driven circulation. The simulation results confirm that high shear velocity within the
wave bottom boundary layer produces high levels of turbulence intensities. The strong turbulence
intensities within the thin wave bottom boundary layer in turn affect the currents through increased
bottom resistance.
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1.

Introduction

A better understanding of the near-bottom physical processes is essential for the study of
physical, chemical and biological processes in scientific and practical applications,
including the erosion and transport of sediments near the seabed. To model the bottom
layer, a drag law is often applied to represent the turbulent frictional processes. A linear
bottom friction law has been utilized in earlier layered ocean models (e.g. Nowlin, 1967;
Creegan, 1976).

In more recent years, the nonlinear form of the bottom stress

τ b = ρ Cd | U r | U r is applied, where Cd is the drag coefficient and Ur is the reference
velocity. In many studies, a constant Cd has been adopted. For example, Cd was taken to be
0.0025 in Backhaus & Maier-Reimer (1983) and Soetje & Brockmann (1983). Furnes
(1980) suggested a value of 0.005. The drag coefficients are typically determined during
the calibration of models, through the comparison of computed and observed tidal currents.
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In Blumberg & Mellor (1987), the bottom roughness is specified as a constant and the
bottom stress is described using the log-profile of the law of the wall.
Near the sea bottom, there exist enhanced levels of turbulence due to wind wave activities
(Grant & Madsen, 1979; Mathisen & Madsen, 1996; Mathisen & Madsen, 1999). In
particular, the short-period oscillatory nature of wave orbital velocity leads to a thin
boundary layer above the bottom. In this wave bottom boundary layer, the fluid velocity
changes from its free stream value to zero at the bottom, where the no-slip condition
applies. The high shear velocity within the wave bottom boundary layer produces high
levels of turbulence intensities and large bottom shear stresses. In shallow coastal waters,
the near-bottom flow consists of waves and slowly varying currents. The strong turbulence
intensities within the thin wave bottom boundary layer therefore have an impact on the
currents, especially in causing the currents to experience an increased bottom resistance in
the presence of waves.
Using the wave-current interaction model proposed by Grant & Madsen (1979), Ningsih et
al. (2000) and Xie et al. (2001) have shown that the surface waves could significantly affect
the currents by modifying the bottom drag coefficient. However, experimental results
(Mathisen & Madsen, 1996) have shown that the apparent hydraulic roughness has been
under-predicted by the Grant & Madsen model (1979). A modified model, proposed by
Mathisen and Madsen (1999), yielded a much better predictions of the roughness when
compared with measurements.
It is clear that the influence of the wave-current interaction on the bottom stress is
important in the modeling of mixing and sediment transport processes, especially in
relatively shallow environments where the wave effects are felt at the sea bottom. In the
present study, the modified Grant-Madsen analytical model for wave-current interaction,
which produces values of the bottom roughness experienced by a current from the
knowledge of wind-wave, current bottom shear stress as well as bottom sediment
characteristics, is incorporated in a three dimensional hydrodynamic model. The influence
of the wave-current interaction is examined for typical scenarios of wind-current-tide driven
circulations in the Singapore Straits.
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2.

Mathematical Model

2.1

Hydrodynamics

The flow equations governing ocean circulation consist of the hydrostatic, the Boussinesq
Navier-Stokes equations along with equations for turbulent kinetic energy (Mellor, 1998).
The hydrostatic assumption and the Boussinesq approximation are commonly used in ocean
circulation modelling based on the premise that the horizontal extent is much larger than the
vertical extent.

The governing equations thus formulated in orthogonal Cartesian

coordinates with x increasing in the eastward direction, y increasing in the northward
direction and z vertically positive upwards from an undisturbed mean water level are
summarized as follows.
(a)

The continuity equation,

∇ ⋅U +

∂w
=0
∂z

(1)

where U is the horizontal velocity vector having components (u,v) and w is the vertical
components of the velocity, and ∇ = (

∂ ∂
, ) is the horizontal gradient operator.
∂x ∂y

(b) The Reynolds momentum equations,
∂u
∂u
∂u ⎞
1 ∂P ∂ ⎛
+ U ⋅ ∇u + w
− fv = −
+ ⎜ KM
⎟ + Fx
∂t
∂z
∂z ⎠
ρ0 ∂x ∂z ⎝
∂v
∂v
1 ∂P ∂ ⎛
∂v ⎞
+ U ⋅ ∇v + w + fu = −
+ ⎜ KM
⎟ + Fy
∂t
∂z
ρ0 ∂y ∂z ⎝
∂z ⎠

ρg=−

∂P
∂z

(2)

(3)

where ρ0 is the reference density; ρ is the local density; g is the gravitational acceleration; P
is the pressure; KM is the vertical eddy diffusivity of turbulent momentum; f is the Coriolis
parameter, and (Fx, Fy) are general forcing terms, e.g. accounting for lateral mixing.
(c)

To characterize turbulence, it has been assumed that turbulent kinetic energy (q²/2)

and macroscale (l) are subjected to transport history effects. In this way, a so-called twoequation model can be established to determine the transport of these quantities. Mellor &
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Yamada (1982) proposed a turbulence closure scheme based on the Rotta-Kolmogorov
model (Mellor & Herring, 1973). This scheme is reported in detail by Blumberg & Mellor
(1987). In the horizontal direction, the mixing terms, Fx, Fy in equations (2), are
parameterized using the concept of turbulent diffusion in analogy to molecular diffusion.
These terms are defined as,
Fx =

∂ ⎡
∂u ⎤ ∂ ⎡ ⎛ ∂u ∂v ⎞⎤
+
2
A
⎢ AM ⎜ + ⎟⎥
M
∂x ⎢⎣
∂x ⎥⎦ ∂y ⎣ ⎜⎝ ∂y ∂x ⎟⎠⎦

∂ ⎡
∂v ⎤ ∂ ⎡ ⎛ ∂u ∂v ⎞⎤
+
Fy =
2 AM
⎢ AM ⎜ + ⎟⎥
⎢
∂y ⎣
∂y ⎥⎦ ∂x ⎣ ⎜⎝ ∂y ∂x ⎟⎠⎦

(4)

where the horizontal diffusivity AM is determined using the Smagorinsky formula
(Blumberg & Mellor, 1987) as a function of fluid velocity and grid sizes.
2.2

Conceptual bottom boundary

Within the constant stress layer, immediately above the bottom, the law of the wall is
assumed and leads to the classic logarithmic profile
U=

U*

κ

ln

z
,
Z 0b

(5)

with Z0b, a reference location where U=0, U* , the shear velocity, and κ is von Karman’s
constant. Equation (5) is only valid for the region immediately above the bottom, or as a
limiting behavior as z → Z 0 b . If z=zr is close enough to the bottom to be considered within
the constant stress layer, the concept of a bottom friction factor can be defined by

τ b = ρ Cz | U r | U r ,
r

(6)

where Ur is the reference velocity used in the “drag-law formulation”, i.e. Ur=U(zr), and

C z r is the bottom drag coefficient referenced to U at z=zr .
If zr falls within the constant stress layer, (5) can be used to evaluate U(zr) in equation (6),
and the bottom friction coefficient can be expressed using the shear velocity definition as
follows,
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2

⎡
z ⎤
C z r = ⎢κ / ln r ⎥ .
Z 0b ⎦
⎣

(7)

where Z0b, for combined wave-current boundary layers is related to the apparent bottom
roughness, kNA, e.g. kNA =30 Z0b, for fully rough turbulent flow.
The bottom stress is determined from the quadratic drag law applied at the point closest to
the bed where there is a velocity estimate. Because the distance between the lowest
velocity point and the bed varies with location, the bottom roughness length is specified at
each location, and then a constant stress layer is assumed so that an effective drag
coefficient can be computed at the velocity point.
Based on skin friction, the Shields Parameter, ψ’m can be calculated following the model
presented by Madsen (2002),
2

U *' wm
Ψ =
,
( s − 1 ) gd
'
m

(8)

with

U

2
'
*wm

−0.109
⎧⎪
⎫⎪
⎛ U bm ⎞
2
1 '
'
⎟⎟
− 7.30⎬ ,
= f wU bm and f w = exp ⎨5.61⎜⎜
2
⎪⎩
⎪⎭
⎝ dω r ⎠

(9)

where d is sediment diameter and s is the ratio of density of sediment to density of water;
Ubm is the amplitude of the equivalent periodic wave near-bottom orbital velocity; and
U*wm is the maximum friction velocity due to wind-waves. It is clear that the bottom
roughness is related to a number of bed attributes including sand grains, wave-formed
ripples and, for extreme flow conditions, a highly concentrated near-bed sheet flow
sediment transport layer. In past studies, various bottom roughness models have been
presented, including Grant & Madsen (1982), Nielsen (1992) and Sorenson et al. (1995).
Generally, in the absence of wave-formed ripples, sand grains are considered the
dominant roughness elements and the movable bed roughness is proportional to d
(Engelund & Hansen, 1972; Van Rijn, 1984). However, for most coastal flows, where
waves are present, ripples are formed on the bottom. These ripples are several orders of
magnitude larger in height than the sand grain diameter and the ripples usually scale the
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bottom roughness on wave-dominated shelves. In the present study, Madsen’s (2002)
model for movable bed roughness is applied. The movable bed roughness can then be
evaluated by the following conditions:

kN = d

for

⎧1.8 × 10 Z
×⎨
ω r ⎩7.0 × 10 −4 Z −1.23
k N = 15Ψ m' d
kN = 4

U bm

−2

−0.5

for
for
for

Ψ m' <

Ψ cr

2
Z < 0.012
0.012 < Z < 0.18

(10)

Z > 0.18 or Ψ m' > 0.35

where Ψ cr , the critical value of Shields Parameter for initiation of sediment motion, is
obtained as a function of the fluid-sediment parameter S* =

d
( s − 1 )gd from the
4υ

modified Shields Diagram (Madsen & Grant 1976) and its extension (Madsen, 2002), and
Z =Ψ m / S* ; ν is the fluid viscosity.
'

If Ψ m' <

Ψ cr
2

, there is no sediment motion and the physical bottom roughness kN equals the

sediment diameter, d. WhenΨ m' >

Ψ cr
2

, sediment motion occurs and the bottom is rippled

until, for Ψm' > 0.35 , the bottom becomes flat with sheet flow.

2.3

Wave specification near seabed

The near-bottom wave velocity and bottom shear stress may be expressed in terms of the
directional surface wave spectrum. A state-of-the-art wind-wave model typically outputs
wind-wave characteristics in the form of their directional frequency surface spectrum

Sηη(ω,φ), where ω is the radian frequency and φ is direction of propagation from the x-axis.
The near-bottom velocity directional spectrum is obtained from linear theory by use of the
transformation (Madsen, 1995),
⎛ ω ⎞
SU bU b (ω , φ ) = ⎜
⎟ Sηη (ω , φ ),
⎝ sinh kD ⎠
2

(11)

where D=H+η is total mean depth and k is the wave number, which is obtained for each
frequency by solving the dispersion relationship ω 2 = kg tanh kD . From (11) the equivalent
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periodic wave near-bottom orbital velocity amplitude Ubm, radian frequency ωr, and the
dominant direction from the x-axis (positive in the counter-clockwise direction) can be
written as (Madsen, 1995),

[

U bm= 2 ∫∫ SU bU b (ω , φ ) dω dφ

ωr =

∫∫ ω S
∫∫ S

U bU b

]

1
2

(12)

(ω , φ ) dω dφ

(13)

U bU b (ω , φ ) dω dφ

and
tan φ w =

2.4

∫∫ sin φ S
∫∫ cos φ S

U bU b

(ω , φ ) dω dφ

U bU b

(ω , φ ) dω dφ

.

(14)

Wave-Current interaction

Following Madsen (1995), the bottom shear stress vector can be calculated from (6)

{τ

τ

bx , by

} = ρ C (u
zr

2
r

+ vr

) {u , v } ,

1
2 2

r

(15)

r

with C z r defined by (7). In the presence of waves, the wave-current interaction theory by
Madsen (1995), as modified by Mathisen and Madsen (1999), is applied to compute the
value of the apparent roughness, kNA = 30Z0b, i.e. the bottom roughness experienced by the
current in the presence of waves.
The direction of the current φc can be obtained as tan φ c =

τ by
, and the total magnitude of
τ bx

the current bottom shear stress is τ b = τ bx + τ by . Therefore, the angle between waves
2

2

and current φwc is defined as φc - φw.
The maximum wave bottom shear stress can be obtained from

τ wm =

2
1
ρ w f wcU bm
2

(16)
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where the combined wave-current friction factor, fwc, is a function of the relative strength of
currents and waves, specified by

µ=

τb
τ wm

C µ = {1 + 2 µ cos φ wc + µ

}.

(17)

1
2 2

and is given by
f wc

−0.109
⎧⎪
⎫⎪
⎛ C µU bm ⎞
⎟⎟
= C µ exp ⎨5.61⎜⎜
− 7.30 ⎬.
⎪⎩
⎪⎭
⎝ k nω r ⎠

(18)

Equations (16) through (18) are solved iteratively, by first assuming µ=0 and Cµ =1 to
obtain an initial estimate of τ wm from equations (18) and (16). With this value of τ wm , µ and
Cµ are updated using equation (17) and the procedure is repeated till convergence of µ is

obtained with two significant digits.
Then, the wave boundary layer thickness is given as
C µ τ wm

δ wc = Aκ

ρ
ωr

,

(19)

using the final values for C µ and τ wm , κ =0.4 and the scaling factor, introduced by
Mathisen and Madsen (1999),
−0.071
⎧⎪
⎫⎪
⎛ C µU bm ⎞
⎟⎟
− 1.45⎬.
A = exp ⎨2.96⎜⎜
⎪⎩
⎪⎭
⎝ kNωr ⎠

(20)

Finally, the apparent roughness, kNA = 30Z0b, is obtained by solving the equation

κ

τb
⎞
⎟
⎟ = ρ ln δ wc ,
⎟
Z 0b
κ
⎜
⎟
⎝ 30 ⎠

τb
⎛
⎜
δ
ρ
ln⎜ wc
C µ τ wm ⎜ k N
ρ

(21)

or,
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Z 0b

⎡ 30δ wc ⎤
= δ wc ⎢
⎥
⎣ kN ⎦

−

τb
C µτ wm

.

(22)

In which kN is the physical bottom roughness obtained from (10). From the above
procedure, the corresponding value of bottom friction coefficient C z r can be updated by
use of (7).

3.

Case study in the Singapore Straits

The modified Grant-Madsen analytical model for combined wave-current bottom
boundary layers is applied, as described in the preceding section, to the Straits of
Singapore, and evaluated by comparing simulated results with observed data. The model
domain covers the entire Singapore and its surrounding shallow shelf waters. It extends
from 0°59' N to 1°44'N in latitude and from 103°18' to 104°20' in longitude. The
bathymetry and locations of the measurement stations are shown in Fig. 1. The model has
a uniform horizontal resolution of 1km in latitude and longitude and a vertical resolution
of 15 sigma layers.
A typical Singapore Straits flow field is simulated using a period of 14 days from 0000 hr
01/03/2001 to 0000 hr 15/03/2001. To validate the model, statistic error analysis
techniques are applied. The efficiency of the prediction is examined in terms of the root
mean square error (RMSE) and the correlation coefficient (γ).
The optimal value of the bottom roughness length Z0b for the erosion and bedload regimes
was determined to be 0.01 m by Kikuchi et al. (1999) and Signell et al. (2000). For the
hydrodynamic simulation in the same region, Chen & Chan (1997) have also specified Z0b
= 0.01m and their results were verified with measured data. Since the spatial variability

of Z0b could not be determined from the data, Z0b = 0.01m was used throughout the
domain without explicitly accounting for the presence of waves.

Tidal elevation

simulations at Tuas (1°17' N, 103°40'E), and Raffles Light House (1°10' N, 103°44'N)
were compared with observed values and showed good agreement at both stations, with
correlation coefficients γ = 0.99.
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When waves are taken into account, the wave generation in the domain is simulated using
a third generation wave model WAM (The WAMDI group, 1988). In the Singapore
Straits, the Northeast monsoon wind is dominant during March, and hence this wind
condition is applied to drive the wave model. For the purpose of gauging the influence of
wave-current interactions, the wind speed is assumed to be 10 m/s. The steady state wave
parameters, including the wave height and the radian frequency, are evaluated. At the
southwest region, the highest wave can reach up to 1m. The radian frequency is low at the
eastern opening, but high at the southeast and southwest openings. These wave
parameters are used in the hydrodynamic model for the upgrading of the bottom
roughness. In the shallow water of the southwest region, values of Ubm are large with a
peak value of 0.8 m/s. The typical sediment particle diameter of d = 0.2 mm is assumed
for the entire domain. The movable bed roughness, kN, can then be calculated by using
equations (8)-(11) based on the wave parameters. The distribution of kN is shown in Fig.
2(a). Generally, the distribution of kN reflects the distribution of Ubm and ωr. In a small
region in the eastern part of the Singapore Strait, the computed movable bottom
roughness reaches up to 0.2 m since Ubm is relatively high at 0.16m/s (where the water
depth is shallow around 30 m) and the radian frequency is low at about 0.4 rad/s. The Z
used in equation (10) is greater than 0.012, which leads to a strongly rippled bed with kN
about 0.2 m.

The large bottom velocity Ubm enhances the turbulence resulting in

increasing the bottom roughness and retarding the bottom flow. However, in most of the
eastern region, the wave effect is insignificant. In general, it is found that Ubm increases
with increasing wave height and decreasing frequency and water depth, but it is more
sensitive to the water depth and radian frequency than to the wave height.
By comparing RMSE for water elevation simulations with and without wave-current
interactions at the various measurement stations, it is noted that the influence of wavecurrent interaction on the surface elevation is trivial, but its effect on the current velocity
is of more significance as shown in Fig. 3. As discussed earlier, the bottom friction in
deep waters is a term in the governing equations that is of minor importance; most of the
force balance is achieved by balancing hydrostatic pressure gradient and fluid
acceleration. For a given significant wave height and wave period, the bottom orbital
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velocity increases with decreasing water depth, causing an enhanced bottom friction
coefficient. The vertical extent of wave-associated turbulence is limited by the wave
boundary layer. The wave contribution to the turbulent mixing must decrease with the
distance away from the bottom.

Near the surface only the current shear velocity

contributes to the turbulent mixing. Fig. 3 shows the near-bottom velocity at 0.126 m
above the bottom for Gusong Beacon Station. It is evident that wave effects on the nearbottom current velocity are much more significant than in the upper layers. The higher
turbulence intensities near the bottom leads to a lower current velocity, but the relative
directions of wave and current flows do not have a pronounced influence on the wavecurrent interaction.

It should be noted that near-bottom turbulent eddy viscosity, KM~

κU* z, increases with increasing shear stress. The influence on sediment transport and the
mixing of other substances is significant near the sea bottom. As current measurements in
shallower water are not available, Table 1 list the comparison of computed depthaveraged velocity with and without the wave effects at a few selected locations in shallow
water as marked in Fig. 1. It is evident that the current is retarded in the presence of
waves and that wave effects not only influence the near-bottom velocities but the entire
water column as well in shallow areas. This suggests that tidal current measurements
obtained for model calibration should include the shallow areas, especially if one is
concerned with the modeling of bottom shear stress.
Fig. 2(b) shows the distribution of apparent bottom roughness kNA, where kNA = 30Z0b, in
the whole domain at t = 3 days. It is clear that the distribution of kNA is analogous to that
of the movable bottom roughness, kN , shown in Fig. 2(a). In most of the eastern region,
the bottom roughness is small and not significantly affected by wave-current interaction.
However, in a small region near (1.2N, 104.2E), both kNA and kN are relatively larger.
These results reinforce the earlier conclusion that currents in the presence of waves
experience an enhanced bottom roughness. Simulations also show that the near- bottom
flow velocities are generally reduced. The effect of wave-current interaction on the flow
pattern would affect the transport of sediment and other near-bottom environmental
transport process.
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4.

Conclusions

In this study, a modified Grant-Madsen analytical mode for wave-current interaction has
been incorporated into the Princeton Ocean Model. The values of the bottom roughness
experienced by a current are produced from the knowledge of wind-wave characteristics,
current bottom shear stress and bottom sediment characteristics.
Typical wave-current interaction effects on tidal currents for the Singapore Straits were
examined. In this application, realistic near-bottom wave orbital velocity spectra were
simulated and the high velocity shear within the wave bottom boundary layer produces
high levels of turbulence intensities and results in large bottom stresses experienced by the
currents. The significance of wave-current interaction depends mainly on the water depth
and the current experiences an increased bottom resistance in the presence of waves in
shallow waters with high wind-wave activity. Whereas the improvement in surface
elevation predictions is trivial (in the range of 1.7% - 3.7% at three different locations) the
results confirm that the apparent bottom roughness affects the near-bottom velocity field
significantly in shallow water with high wave activity.
Accounting for wind-wave effects in a three-dimensional hydrodynamics model improves
predictions of currents in shallow coastal waters. Wave effects are important in shallow
near-shore regions where wave-current interaction depends upon wave heights, wave
development status and wave-generated bed-form types. This suggests that good wave
prediction and details of bed-form types in near-shore waters are necessary for an accurate
prediction of slowly varying currents. In this study, the influence of wave-current was
only examined for its effects on the hydrodynamics. A further study, using the calculated
velocity and eddy diffusivities, to simulate the sediment transport and the trajectory of
water particles to obtain a better prediction of the ocean environment is ongoing.
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Fig. 1. The bathymetry for the Singapore Straits application domain and the locations of
observation stations. (The grey scale bar indicates the water depth in meter.)
Fig. 2. (a) The typical distribution of movable bed roughness, kN , in March. (b) The
distribution of bottom roughness, kNA, at time t=3 day. (The grey scale bars indicate the
roughness in meter.)
Fig. 3. Comparison of the velocity at Gusong Beacon Station at depth of 0.126 m above
bottom.
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Table 1. Comparison of the simulated depth averaged velocities with and without wavecurrent interaction

location 1

8

Ua (m/s)
no wave
-0.67

location 2

9

-0.62

-0.58

location 3

18

-0.89

-0.86

location 4

19

-0.84

-0.80

depth (m)

Ua (m/s)
with wave
-0.62
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